In this paper, an efficient mass conservative domain decomposition method is developed for solving the unsaturated soil water flow over non-overlapping multiple sub-domains. In the first step, the predicted interface fluxes are computed by the semi-implicit flux scheme. In the second step, the interior water content and fluxes in the interiors are computed by the coupled solution and flux implicit scheme. The interface fluxes are finally recomputed by the implicit scheme. The important features of our proposed scheme are mass conserved and unconditionally stable by defining global fluxes which contain the diffusivity and hydraulic conductivity. We prove that the scheme has the error estimate of O( t
Introduction
The unsaturated soil water flow (see [1] [2] [3] [4] [5] [6] [7] ) is an important form of flow in porous media and is widely used in atmospheric science, soil science, agricultural engineering, environment engineering and groundwater hydrology, etc. Because of the nonlinearity of water content equations and the complexity of physical parameters and boundary conditions, it is very difficult and impossible to obtain its analytical solution. Some numerical schemes [5, [8] [9] [10] are been developed for solving the unsaturated soil water flow problem. Reference [5] presented the general difference methods for one-dimensional unsaturated soil water flow problem. Reference [9] proposed the efficient reduced-order finite volume element formulation based on proper orthogonal decomposition method for solving two-dimensional unsaturated soil water flow problem. By the Crank-Nicolson extrapolation method, [10] presented the time second-order proper orthogonal decomposition method. Reference [11] considered conforming finite element discretizations based on a multiscale formulation along with recently developed, local postprocessing schemes. Reference [12] proposed the enriched Galerkin method, which augments piecewise constant functions to the classical continuous Galerkin finite element method. By employing a coarse partition of the fine grids and multiscale basis function for mapping the fine-scale information to the coarse-scale unknowns, [13] proposed a multiscale locally conservative Galerkin (MsLCG) method to accurately simulate multiphase flow in heterogeneous and the domain decomposition method for solving the nonlinear parabolic equations are not conserved. Although [40] presented a conservative domain decomposition method for nonlinear diffusion equations, the stability and error estimates were not given.
To date, there is few research on mass conservative domain decomposition method for the unsaturated soil water flow. Since soil water content is an important climate factor, and its seasonal change has an important influence on weather and climate at mid-high latitudes. Thus, it is an important task to develop and analyze the efficient domain decomposition methods, which is mass conservative, for solving the unsaturated soil water flow.
In this paper, we propose the unconditionally stable conservative domain decomposition method for solving the unsaturated soil water flow over non-overlapping multiple subdomains. Three steps method is used to compute the water content on each sub-domain at every time step. Firstly, the predicted interface fluxes are computed by the semi-implicit flux scheme on the interfaces of sub-domains. Secondly, the interior solutions and fluxes in the interiors are computed by the solution and flux coupled implicit scheme. Finally, the interface fluxes are recomputed by the implicit (or explicit) scheme. The important features of our proposed scheme are that the defined global fluxes which contain diffusivity and hydraulic conductivity ensure the scheme mass conservative and unconditionally stable. We prove theoretically that our scheme preserves mass conservation and is unconditionally stable in discrete L 2 -norm. We prove that the scheme has the error estimate of
) in L 2 -norm. Numerical experiments test the theoretical analysis.
The rest of this paper is organized as follows. In Sect. 2, the unsaturated soil water flow problem are considered. In Sect. 3, we propose the mass conservative domain decomposition scheme and prove it to satisfy mass conservation. In Sect. 4, the stability of our scheme is analyzed. In Sect. 5, we analyze the convergence and prove the error estimate in the discrete L 2 -norm. Numerical experiments are presented in Sect. 6.
The unsaturated soil water flow problem
Soil water content is an important climate factor, and its seasonal change has an important influence on weather and climate at mid-high latitudes. Hydraulic processes at surface and subsurface, such as precipitation, evaporation, and evapotranspiration, seepage of surface water, and capillary elevation of deep-level water, absorption in root zone and liquid moisture flow of groundwater, all can be reduced to unsaturated flow problems. In fact, in all studies (see [1] [2] [3] [4] [5] ) of the unsaturated zone, the fluid motion is assumed to obey the classical Richards equation. Based on horizontal resolution of a general circulation model, liquid moisture flow in soil along horizontal direction may be ignored. The one-dimensional unsaturated soil water flow equations with the absorption rate of root are considered as
where θ (z, t) is soil moisture, D(θ ) is the soil water diffusivity, K(θ ) is the unsaturated hydraulic conductivity, -S r is the absorption rate of root zone, and q(t) is the infiltration or evaporation rate. Reference [4] gave the nonoscillatory solution and evade a non-physics solution for the unsaturated flow problem by using the mass-lumped finite element method. References [5, [8] [9] [10] proposed the generalized difference, mixed finite element methods, and the classical finite volume element scheme with the proper orthogonal decomposition (POD) for solving the unsaturated soil water flow problem. Considering the nonlinearity of water content equations and the complexity of physical parameters and boundary conditions, it is an important work to develop the mass-conserved domain decomposition method for solving the unsaturated water flow problem. Assume that the domain Ω will be divided into multiple non-overlapping sub-domains Ω α , and each sub-domain will be further discretized. Let Γ α be the interface point sets of all points on {z i α + 1 2 }, where α is the interface index. 
The time interval (0, T] is discretized uniformly by t n = n t, n = 0, 1, . . . , M, where
, t n ) denote the function φ at the mesh points (z i , t n ) and
, t n ). Define the following difference operators:
t .
Conservative domain decomposition method
Let q(z, t) be the flux of problem (1) defined as q = D(θ ) ∂θ ∂z -K(θ ) which ensure that our proposed scheme is mass conservative. We approximate both the solution and its flux on the staggered meshes of sub-domains. The numerical solutions {Θ n i } and numerical fluxes {Q n i+ 1 2 } to denote the numerical approximations to solution θ (z i , t n ) and fluxes q(z i+ 1 2 , t n ),
and f = S r . Our mass-conserving domain decomposition method is described as follows.
Step 1: The predicted interface fluxes {Q
where i α is the location index number of the interface and
Step 2: The intermediate solutions {Θ } are computed by the coupled implicit scheme,
where
Step 3: The interface fluxes {Q
} are recomputed by
The boundary conditions are approximated by
and the initial values are computed by
Next, we will give the theoretical analysis when Q
= 0, and it easily extends to more general boundary problems.
Theorem 1 The scheme (2)-(6) satisfies mass conservation over the global domain with
Proof Multiplying the first equation of (3) with z and summing i from 1 to I, respectively, we have
Applying the boundary condition Q
Substituting (9) into (8), we obtain
We thus complete the proof. Remark 3.2 The important features of our proposed scheme are that the defined global fluxes which contain diffusivity and hydraulic conductivity ensure the scheme is mass conservative.
Stability

Assumptions
(I) The problem (1) has a unique smooth solution θ (x, t) and satisfies the regularity condition, i.e.,
(II) One has a positive constant D 0 , such that, for any ξ and θ ,
. and f (x, t, θ )ξ are continuous with respect to x, t, and continuously differentiable with respect to θ , i.e.,
When the conditions (I)-(III) hold, we provide the analysis of the stability and convergence of the scheme (2)- (6) as follows.
Proof Applying the boundary conditions Q 1
Without loss of generality, we will prove our scheme stability and convergence on two sub-domains. Equations (3) are rewritten as
.
} be the solution of Scheme (2)- (6) . We have
where M > 0 is a positive constant.
Proof Multiplying both sides of Eqs. (3) by Θ n+1 i
x, respectively, and summing them up for i from 1 to I, we obtain
Applying the definition, we have
Subtracting the first equation from the second equation of Eqs. (16), it is easy to obtain
Multiplying both sides of (21) 
Adding both sides of (22) 
Subtracting (2) from (23), we have
and
Applying the complete square formula, we get
By the first equation of Eqs. (16), we have
By (26) and (27), we have
Similarly, we have
By (28)- (29), we can obtain
Applying the -inequality for the third terms of Eq. (30), we have
For the fourth terms of Eq. (30), by the Hölder inequality, we obtain
Substituting (30)- (32) into (20), we obtain
Substituting (33) into Eq. (18) and applying Lemma 1, we have
Applying the Hölder inequality, we further obtain
Letting ≤ 1 8 , we have
Thus (17) is proved.
Summing (18) up with respect to n and applying the boundary condition, then we will obtain the stability theorem Theorem 2 (Stability) The scheme (2)- (6) , is unconditionally stable in the sense of discrete L 2 -norm, i.e.,
Remark 4.1 From Theorem 2, our scheme is proved to be unconditionally stable, and dependent of solution of the problem on the initial condition θ 0 , absorption term S r and hydraulic conductivity K(θ ).
Error estimation
In this section, we will analyze the convergence and prove error estimate of the massconserving domain decomposition scheme in discrete L 2 -norm. Let θ 
Truncation errors
We first give the truncation error equations of the scheme (2)- (6) .
We have the following truncation error equations:
where o = O( t + ( z) 2 ). Now, we give the simple proof.
Proof From (38), we have
. (39) Applying the Taylor formula for the first term of the right-hand side of (39), i.e.,
For the second term of (39), we have
Applying the Taylor formula, we have
By (41)- (44), we have
Substituting (40) and (45) into (39), it follows that
Convergence
Let
for i = i 1 , i.e.,
and, when i = i 1 , we havẽ
Next, we give the proof of (49).
Numerical experiments
We present numerical experiments to test our scheme to meet the properties as conservation, stability and error estimation in the first experiment. In the second experiment, we will test our efficiency.
Experiment 1
The nonlinear diffusion equations are described as follows:
Let the diffusion coefficient D(θ ) = D 0 + θ . We can solve the exact solution u = e -D 0 t cos x.
Assume that the domain is divided into two sub-domains in the following tables. The space orders of convergence and mass errors of the scheme are shown in Table 1 and we take t = 1 10,000 . Let mass error = |Mass N -Mass 0 |.
From Table 1 , we can find that the space-order convergence is of second order in L 2 -norm.
The errors of mass reach the accuracy of 10 -15 , i.e. the machine precision. We test the time orders of convergence by taking t = 10 π 2 h 2 in Table 2 . It is clear that the scheme is of firstorder convergence in time step and shows mass conservation.
In Table 3 , we give the stability condition and mass error of the scheme, where h = π/100. From Table 3 , it is clear that we can find when t = 1 100
, the stability condition D max t h 2 = 30 and our scheme is still stable. Almost, our scheme keeps stable with the time increasing. In general, the time order of convergence of the scheme is tested for the high frequency problem for the initial condition u 0 (x) = cos 4x, where f = 16e -64t cos 8x and the time step = 1 100,000
. In Table 4 , the numerical results show our scheme can work efficiently for the high frequency problem.
Experiment 2
In the following, we will simulate the model (1) , where the absorption rate of root zone S r = 0, the infiltration or evaporation rate D(θ ) = - 
The boundary conditions are
The space step size is h = 2 mm and the time step size is t = 36 s. The surface of the water content at t = 10, 20, 30 and 40 h are given as follows. From Fig. 1 , when the water content crosses the interface of the domain, there is no numerical oscillation and our scheme can simulate the problem well. 
Experiment 3
In the subsection, two-dimensional nonlinear diffusion equations are considered as 
where D = 1 + θ . The operator splitting technique is used to solve the two-dimensional equations, (see [28, 29, 34] ). In Tables 5 and 6 , we take the uniform mesh partitions and the domain is divided into 2 × 2 sub-domains. The time step t is taken as 1/100,000. and the space step h is taken as π/10, π/20, π/40 and π/60. We can find that our scheme is of second-order convergence in space. In Table 6 , we take t = 10 π 2 h 2 . By Table 6 , we can find that the time-convergence order is first order when the time step t becomes small.
Conclusion
By computing the interface flux scheme by the semi-implicit scheme, an efficient mass conservative domain decomposition method is developed for solving the unsaturated soil water flow. By introducing the definition of the whole fluxes q = D(θ ) ∂θ ∂z -K(θ ), and computing the interface fluxes explicitly on the interface, our scheme keeps mass conservation. We prove strictly our scheme meet mass conservation and unconditional stability. The scheme has the optional error estimate of O( t + ( z)
2 ) in L 2 -norm by the numerical experiment.
